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Foreword 



We rejoice expressing our gratitude towards all those who, 
better or less known, along the years, have helped us to get to 
this particular book. And they are many, many indeed whom 
have helped us! Some provided suggestions, others, ideas; at 
times, we have struggled together to decipher a certain elusive 
detail; other times we learned from the perceptive or sometime 
naive questions of our interlocutors. 

The coming into being of this book represents a very 
good example of altruism, kindness and selflessly giving, of the 
journey, made together, on the road to discovering life’s beauty. 

He who thinks not only of his mother or father, of 
himself or his family, will discover an even bigger family, will 
discover life everywhere, which he will start to love more and 
more in all its manifestations. 

Mathematics can help us in our journey, stimulating and 
enriching not just our mental capacity, our reasoning, logic and 
the decision algorithms, but also contributing in many ways to 
our spiritual betterment. It helps shed light in places we 
considered, at first, fit only for an empirical evolution — our own 
selves. 

We offer this succession of methods encountered in the 
study of high school calculus to students and teachers, to higher 
education entry examination candidates, to all those interested, in 
order to allow them to reduce as many diverse problems as 
possible to already known work schemes. 
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We tried to present in a methodical manner, advantageous 
for the reader, the most frequent calculation methods 
encountered in the study of the calculus at this level. 

In this book, one can find: 

■ methods for proving the equality of sets, 

■ methods for proving the bijectivity of functions, 

■ methods for the study of the monotonic sequences 
and functions, 

■ mutual methods for the calculation of the limits of 
sequences and functions, 

■ specific methods for the calculation of the limits of 
sequences, 

■ methods for the study of continuity and 
differentiation, 

■ methods to determine the existence of an equation’s 
root, 

■ applications of Fermat’s, Rolle’s, Lagrange’s and 
Cauchy’s theorems, 

■ methods for proving equalities and inequalities, 

■ methods to show that a function has primitives, 

■ methods to show that a function does not have 
primitives, 

■ methods to show that a function is integrable, 

■ methods to show that a function is not integrable. 

We welcome your suggestions and observations for the 
improvement of this presentation. 

C. Dumitrescu, F. Smarandache 
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I. Sets Theory 



A set is determined with the help of one or more properties 
that we demand of its elements to fulfill. 

Using this definition might trick us into considering that any 
totality of objects constitutes a set. Nevertheless it is not so. 

If we imagine, against all reason, that any totality of objects is 
a set, then the totality of sets would form, in its own turn, a set that 
we can, for example, note with M . Then the family p(M) of its 
parts would form a set. We would thus have p(M) E M. 

Noting with cardM the number of elements belonging to M, 
we will have: 

card p(M) < cardM. 

However, a theorem owed to Cantor shows that we always 

have 

card M < card p(M). 

Therefore, surprisingly maybe, not any totality of objects 
can be considered a set. 



Operations with sets 

DEFINITION : The set of mathematical objects that we 
work with at some point is called a total set, notated with T. 

For example, 

■ drawing sets on a sheet of paper in the notebook, the 
total set is the sheet of paper; 

■ drawing sets on the blackboard, the total set is the set 
of all the points on the blackboard. 

It follows that the total set is not unique, it depends on the 
type of mathematical objects that we work with at some given point 
in time. 
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In the following diagrams we will represent the total set 
using a rectangle, and the subsets of T by the inner surfaces of this 
rectangle. This sort of diagram is called an Euler-Venn diagram. 

We take into consideration the following operations with 

sets: 

1 . The Intersection 

AnB = {xET\xEA and x E B] 

Because at a given point we work only with elements 
belonging to T , the condition X E T is already implied, so we can 
write: 

AnB = {x\xEA and x E B] 




.S A, * { x | V i « CN , k e A > 
v=i i v 



Let’s observe that: 

x g A n B <===> x £ A or x g B 

2. The Union 

A(JB = {x\xEA orx G B } 




ADB 
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As in the case of the intersection, we can consider: 

! 1 i € EH f x e A } 

i x i 

We see that: 

x g A U B <===> x g A and x g B 



3. The Difference 

A — = | x£y 4 and x £ 5} 




x £ A — B <===> x (£ A or x E B 



4. The Complement 

The complement of a set A is the difference between the 
total set and A. 



C r A = { x | x G T and x £ A] = { x | x £ A} 

The complement of a set is noted with CA or with A. 




Let’s observe that 



x £ CA <===> x EA 

More generally, we can talk about the complement of a set to 
another, random set. Thus, 
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C a B = {x \ x E B and x £ A] 

is the complement of set B to set A. 



5. The Symmetrical Difference 

AAB = (A - B) u (B - A) 




6. The Cartesian Product 

A x B = {(x, y) | x e A and y e B) 

The Cartesian product of two sets is a set of an ordered 
pairs of elements, the first element belonging to the first set and the 
second element belonging to the second set. 

For example, lxt = {(x,y)\x GljEl} , and an 
intuitive representation of this set is provided in Figure 1 .1 . 




« * IE 



Fig. i.I 



By way of analogy, the Cartesian product of three sets is a 

set of triplets: 
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A x B x C = {( x,y,z)\x E A ,y E B,z E C}. 

An intuitive image of M 3 = M X M X M is given in the figure 

below. 




K X K X I R 



Fig. 1.2 



More generally, 

n 



A A t = {(X lt X 2 , A n )| X t E A t for any i E l,n}. 
i = 1 



Methods for Proving the Equality 
of Two Sets 

The difficulties and surprises met on the process of trying to 
rigorously define the notion of sets are not the only ones we 
encounter in the theory of sets. 

Another surprise is that the well-known (and the obvious, by 
intuition) method to prove the equality of two sets using the 
double inclusion is — at the level of a rigorous definition of sets — 
just an axiom. 

A = B <===> A^B and B Q A (1.1) 

By accepting this axiom, we will further exemplify two 
methods to prove the equality of sets: 
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(A) THE DOUBLE INCLUSION [expressed through the 
equivalence (1.1)]; 

(B) UTILIZING THE CHARACTERISTIC FUNCTION 
OF A SET. 

We will first provide a few details of this second method that 
is much faster in practice, hence more convenient to use than the 
first method. 

DEFINITION. We call a characteristic function of the set A 
the function (p A '.T — » {0,1} defined through: 

. . fl if x e A 

^ W = (o IfxtA 

As we can observe, the numbers 0 and 1 are used to divide 
the elements of the total set T in two categories: 

(1) one category contains those elements X in which the 
value of cp A is 1 (the elements that belong to A); 

(2) all the elements in which the value of (p A is 0 (elements 
that do not belong to A) belong to the second category. 

Method (B) of proving the equality of two sets is based on 
the fact that any set is uniquely determined by its characteristic 
function, in the sense that: there exists a bisection from set <p(T) 
of the subsets of T to the set y(T) of the characteristic 
functions defined on T (see Exercise INI). 

Hence, 

A — B < — — — > (p A = (p B . 

( 1 . 2 ) 

Properties of the Characteristic 
Function 

<Pi) <PAn B (x) = <p A {x).<p B {x) 

<P2) (Paub(x) = <Pa(x) + <Pb(x ) - (p AnB O ) 

<Ps) <Pa-b(.x) = <p A (x) - (p AnB (x) 

(Pa) <Pca(x) = 1 ~<p A (x) 
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<P 5 ) VaabW = <PaW + <Pb(.x) ~ 2.^nsW 
(Pe) (PAxB(.x,y ) = <p A (x) x <p B (y) 

<P 7 ) <PaM = (p A (x) 

(ps) <P< 2 >(x) = 0, q> T (x ) = 1 

cp 9 ) A ^ B <===> (x) < cp B (x ) for any x E T. 

Let’s prove, for example (j^). For this, let’s observe that the 
total set T is divided by sets A and B in four regions, at most: 

1) for the points X that do belong to neither A, nor B , we 
have (p A (x) = (p B (x) = 0 and(p AnB (x) = 0. 

2) for the points X that are in A but are not in B, we have 
<Pa(x) = 1 ,<p B (x) = 0 and (p AnB (x) = 0 . 

3) if x g A and x E B, 

the equalities follow analogously. 

4) if x E B and x £ A 

Exercises 

I. Using methods (A) and (B) show that: 



i- 


ft - 


(B n C) - (A - B> u (A 


- C) 




2, 


A - 


(B U C! = - Bl n 


(A - 


C) 


3» 


C(B 


no = cs u cc 






4. 


C(B 


U C ) = CB n cc 






3, 


A n 


( B — C) = {AAB) - 


(A n 


C) 


o* 


A U 


(B - A) = ft u B 






7* 


A - 


(A - B) = A n B 






a* 


C ( CB ; ' B 






9. 


A u 


CA =• T , A n CA = 0 







SOLUTIONS: 

(A) (the double inclusion) 

Let’s notice that solving a mathematical problem requires we 
successively answer two groups of questions: 
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(q) WHAT DO WE HAVE TO PROVE? 

(Q) HOW DO WE PROVE? 

Answering question (Q) leads us to a new (q) question. Thus, 
for exercise 1 , the answer to the question (q) is: 

(ri): We have to prove an equality of sets, 
and the answer to the question (Q) is: 

(Ri): We can prove this equality using two methods: using 
the double inclusions or using the properties of the characteristic 
function. 

We choose the first method and end up again at (q). This 
time the answer is: 

( T2 ): We have to prove two inclusions, 
and the answer to the corresponding question (Q) is: 

(R2): We prove each inclusion, one at a time. 

Then, 

(r3): We have to prove one inclusion; 

(R3): We prove that an arbitrary element belonging to the 
“included set” belongs to the “set that includes”. 

It is obvious that this entire reasoning is mental, the solution 
starts with: 

a) Let X E A — (B — C), irrespective [to continue we mil read the 
final operation (the difference j\, < = = = > x E A and X £ B C\ C [we will 
read the operation that became the last (the union)] <= ==> 

! x & B (xEA and x g B 

or <===> I or (1.3) 

x g C lx E A and x g C 

From this point on we have no more operations to explain 
and we can regroup the enunciation we have reached in several 
ways (many implications flow from ( 1 . 3 ), but we are only interested 
in one - the conclusion of the exercise), that is why we have to 
update the conclusion: 

x E (A - B) U (A — C) <===> xEA-B or xEA-C. 
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We observe from (1.3) that this conclusion follows 
immediately, so the inclusion is proven. 

For the second inclusion: Let X E (A — B) U (A — C), [m 
mil read the final operation (the reunion]] <———> 

x E A — B 

or <===> \m mil read the operation that became the last] 

X EA - C 

<===> 

x E A and x £ B fx £ B 

or <---> x E A and ] or (1.4) 

x E A and x g C l x £ C 

We have no more operations to explain, so we will describe 
in detail the conclusion we want to reach: X E A — (B fl C), i.e. X G 
A and X £ B fl C, an affirmation that immediately issues from (1.4). 
5. (n): We have to prove an equality of sets; 

(Ri): We prove two inclusions; 

(r 2 ): We have to prove an inclusion; 

(R 2 ): We prove that each element belonging to the included 
set is in the set that includes. 

Let X E A — (A — B) , irrespective [we will read the final 
operation (the difference)], < = = = > x E A and X (£ A — B [m mil 

read the operation that became the last] < = ==> 

fx £ A 

x E A and j or (1.5) 

(x E B. 

We have no more operations to explain, so we update the 
conclusion: 

x E A n B i.e.x E A and x E B. 

We observe that (1.5) is equivalent to: 

x E A and x £ A 
or 

x E A and x E B. 

The first affirmation is false, and the second one proves 

that* E A fl B. 
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We will solve the same exercises using the properties of the 
characteristic function and the equivalence (1.2). 

1. We have to prove that cp A -(Bnc) = <P(a-b)u(a-C)'> 

(ri): We have to prove an equality of functions; 

(Ri): As the domain and codomain of the two functions 
coincide, we have to further prove that their values coincide, i.e. 

(f2): (PA-{Bnc)( x ) = ( P(A-bMA-C)( x ) for any X G T. 

The answer to the corresponding (Q) question is 
(R2): We explain both members of the previous equality. 
(Pa-(bhc)( x ) — [we will read the final operation (the 
difference) and we will apply property (p 3 ] = cp A (x) — 

^i4n(Bnc)(^) — [ we will read the operation that became the last and 
we will apply property <p J = 

<Pa 0) ~ (p A {x).(p B {x).(p c {x ) (1.6) 

The second member of the equality becomes successive: 






^ C * > 









" **-.<*> = ) + 
+ f f? A ( m > - O ] - [ - ^ Ar B K ) ) * 

( K > “ ^ X H = 2**> t m 5 - <x) — 

V * ihc j A A 1 

^ * 1 x ) + ********* + 

2 

+ P < *; ) - p _ f x } - p (x) .p f x ^ p <p C x > = 

A APJ ABC 

= i * ) ' f 54 ) . 

5. In order to prove the equality (p A -( A -B)(. x ) ~ Vahb 0*0 
we notice that: 

( SO ■ #> ( M ) ” p . — 

A-lA-B) A Arv. A-I?> A 

- <t> C m3 * (x> * < x > “ 

A AOS * A 
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' C " 

-*> (x)-e ) = *> { x > -<p < # ) = p ( x ) . 

*k fl y * H Aj in 

II. Prove that: 

JU [A A Bj X n D) = (ft X C) r? (B K c> 

2* (flUB) XCMft J( C) U [0X C) 

3* (A - B) X C =» (A X C) - O X CJ 

4* AA [B U) MA AB) AC 

3. A H (B A C] n S) A (A n C) 

0. ^ A B) X C (A X C* A fB X C) 

SOLUTIONS. 

Method (A) (the double inclusion) 

1. Let X G (A fl 5) X (C fl D) , irrespective [m? explain the 

final operation ( the scalar producl)\ < = = = > X = (a, (I), with Ct G A fl 
B and /? G C fl D <— ——>\we explain the operations that became the last 
ones] <===> X = /? ) with a E A , a E B and /? G C , (3 G D 

[we have no more operations to explain so we update the conclusion'. X E {A X 
C) fl (5 X D), X belongs to an intersection (the last operation )\ <=== 
> X = (a, (I) with a E A, (3 E C and a E B , (3 E D <= ==> X G 
A X C and x G B X D . 

3. Let X G (i4 - 5) X C , irrespective <===> x G (ct, /?) 
with a E A — B and (I E C <———> x E (a, /?) with Ct G A and 
Ct (£ B and (3 E C [by detailing the conclusion we deduce the following steps] 
<---> x = (a, (3), a E A, (3 E C and x = (a, (3), a B , (3 E C 
===> x G A X C and x g B X C. 

Reciprocally, let X G (A X C) — (J3 X C) , irrespective 
<===> X = (ct, /?) with (a, /?) G A X C and X C < = = = > X = 
(ct, (3), a E A and (3 E C and 
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! a £ B r a £ A and /? e C and a B 

or <===>] or 

(3 £ C [a e A and (3 e C and ( fals ) 

===> (a,/3) e (A - B) x C. 

Method (B) (using the characteristic function) 



* V* ),,p c (y) ’P a t*t-P p iyi 



( )^cr ,y> “ *A U> ‘*C (y, “ 

y) - 

«W <x ’ yl " " ^*c ( *’ y) - 

p *,c U ' ylp S *c ( *- y > J “ 

^(x) ^(k) . 

*• P. 3 *> <*> * *> . .(*> - 






*> ’ * Af V*> f x ) ' i 



“ #>(*)■«(«}■ #j { y j . P 

ABC' 
" ^*XC ^AMCHTiBxl 



_ 2 f> A ( *> ■ #» aA ( k > ”***(*) + *> # £ * > + ^(hJ " 

- 2 *j p ( x > #>J x j - 2 <i> a (k) [ + *> c <x) * 

- <x)*> (j<) ) “ ip {*) * p_ IjO * 

* o(x) - 2 -ff txi'p <X) - 2 -p <x) - 

c A R AC 

- 2 - p ( K) ■ *? ( M ) + 4 ■ P { X ) p ( K ) - P ( H ) A 

B G A Ek G 

Explaining (P(aab)Ac( x )> i n an analogue manner, we obtain 
the desired equality. If we observe that the explanation 
of <P(aab)Ac ( x ) from above is symmetrical, by utilizing the 
commutativity of addition and multiplication, the required equality 
follows easily. 
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B " ****** = 

( P^tx) +• ( x > - 2 )<P c tyff 



?p, 



(AxOAlAxQ 



O , y > 






* S-c**’* 1 “ 
¥ 3 *xc' x,v) “ V x) *V y> + 



+ iP c {y) " S'P A (*)'P I {*]'P C ()'I. 

Equalities 4) -5) were easy to prove using the characteristic 
function; they are, however, more difficult to prove using the first 
method. The characteristic function is usually preferred, due to the 
ease of use and the rapidity of reaching the result. 



III. Prove the following equivalences: 





A U 0 C 


C 




A 


c c and 


2. 


A c B n 


C 


<=> 


A 


c B and 


3* 


A rt B c 


c 


A 

II 

V 


A 


n C b u c 


4 + 


A c B U 


c 


o> 


A 


A c c 


S. 


(A - E> 


u 


B <- 


>> 


B U A 



SOLUTIONS: 

1. n: We have to prove an equivalence; 

Ri: We prove two implications; 

r 2 :4ll5cC => A cz C and B c C 

R 2 : We prove that A c C and B c C (two inclusions). 

Let X E A irrespective [we have no more operations to 
explain, therefore we will update the conclusion: X E C; but this is 
not evident from X E A, but only with the help of the hypothesis] 

X E A => X EAUB = 

> [through the hypothethis A U B c C] = 

> X E C 



Let X E B irrespective => X E A U B c C => X E C. 
Reciprocally (the second implication): 
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rn We have to prove that A U B c C (an inclusion) 

Ri: Let X E A U B irrespective (we explain the last 

operation): 

! x E A => x E C ( due to the hypothesis') 
or 

x E B => x E C(due to the hypothesis) 

5. n: We have to prove an equivalence; 

Ri: We prove two implications; 
r 2 : {A - B) U B = A => B c A; 

R 2 : We prove the conclusion (an inclusion), using the 
hypothesis. 

Let X E B irrespective => X E (A — B) U B => x E A 
t 3 : We have to prove the implication: B cz A => (A — B) U 
B = A; 

R3: We prove an equality of sets (two inclusions). 

For the first inclusion, let X E (A — B) U B irrespective [we 
explain the last operation] => 

! x E A — B (xEA and x £ B (a) 
or => ] or 

x E B lx E B (b) 

[We have no more operation to explain, so we update the 
conclusion]. We thus observe that from (a) it follows that X E A, 
and from (b), with the help of the hypothesis, B c A, we also 
obtain X E A. 

Method 2: 

1. ( A U B C C => A C C B C C ) <=> 

<=>( => ) 

We have to prove two inequalities among functions. 
Through the hypothesis, (p^uB < Vc moreover (p A < (p A \jB 

(indeed, (p A < (p AUB <=> <p A < <p A + <p B ~ <p A (p B <=> <PbO ~ 
(p A ) > 0 — true, because the characteristic functions take two 
values: 0 and 1). 
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It follows that (p A < (p A \jB < <Pc an d, analogously^# < 
<Pa\jb < <Pc- 

Reciprocally, for the inverse implication, we have to prove 
that: (p AUB < (p c , i.e. 

ViiOO + <Pb(x) - (p A n B (x) < <Pc(x) (1-7) 

in the hypothesis: 

(Pa < <Pc and cp B < cp c (1.8) 

But (Pa^B’Vc can take only two values: 0 and 1. From 
the eight possible cases in which (1.7) must be checked, due to (1.8), 
there remain only four possibilities: 



a> 




= *? B oo 


to) 


P A U> 


= V" 1 


c3 




“ P c <*> 


dV 


(S> U> 

T A 


= P b (x) 



i , Pjx) - o 

N 3 * 0 

In each of these cases (1.7) checks out. 

5. We have to prove that 

P'a-bxjb**' ~ <=,> V x) < V * 1 

But 



V-m** 1 = **,.**> + V K) “ " 

= < M ) - f X J * p* t M ) “ * ( X i ■ p l * 

- f (X)‘p (X) * p (X>- 

™ * A B 

- ( ( K ) - X) ( X) ) ^ b (X) = 

“ + (1.9) 

For the direct implication, through the hypothesis, we 

have: 

r A («) + p b (x> - = p A (it) P i.e. : 

* ) ( i - h ) ) » 0 . 
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Consequently: 

f(p B (x) = 0 => (p B {x) < cp A (x ) ( due to the values 0 and 1 that the function (p takes ) 
) or 

1 - (p A (x) = 0 => cp A {x) = 1 so cp B {x) < (p A (x) 

Reciprocally, if <p#(x) < (^(x), we cannot have <p#(x) = 

1 and (Pa (x) = 0, and from (1.9) we deduce: 

p (n) <=> p (k) 



*<*->**<* 1 - 



V** - 



u> 


V x) - 


*> A <x) <=> ( i - 


- equality that is true for the three remaining 


A) 




= 1 , = O 


is) 


V s0 


- = 1 


c) 


V x) 


- tx > =0 

B 



IV. Using the properties of the characteristic function, solve 
the following equations and systems of equations with sets: 

1- A U < B - X ) = B UX 

{ ft - X = B 

if B c ft and ft n c - 0 

ft u X * c 

{ a a x * e 

if s c ft c c 

ft u x c 






X U Y 

X n Y 

X - Y 



ft 

BifBCftfCeft,BAC = ^ 

c 



SOLUTION: 

I. A U ( B - X > =“ B L> X <~> ^ AUrt _ w <«> = 

“ * , .i* ( ^< e >V x)+ Vx {xl - *W K) " 

* *p B < m) + 
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+ p ( k) p fx) » f x) 

* 1 K 



% (X) + ” 



= ^ A (x}f± - *>)<-> 

u.io) 



*ai-c. ( si> 



We have to analyze the following cases: 

a) if X $ A and X $ B, we have: 

<Pc04nB)(*) = 1 and (PaciCbM = 1 , so for (1.10) to be 
accomplished we must have <p x (x) = 0 . So, any point that doesn’t 
belong to A or B, doesn’t belong to X either. 

b) if X E A and X $ B, we have: 

<Pc(AnB)(. x ) = 1 and (p AnC B 00 = 1 , so for (1.10) to be 
accomplished we must have (p x (x) = 1. Therefore, any point from 
A — B is in X. 

c) if X £ A and X E B and for (1.10) to be accomplished, we 
must have (p x (x ) = 0 , consequendy no point from B — A is not in 

X. 

d) if X E A and X E B we can have (p x (x) = 0 or (p x (x) = 

1. 

So any point from A fl B can or cannot be in X. Therefore 
X = (A\B) U D, where D a A fl B, arbitrarily. 

2 . A - X - B <-> <x> ” <=> 

<„> - 1P b (H) (i.iu 

X-A= C<*>^(») “ 

<=> x ) (l - *)) ■ P e < * 1 <“> 

#* Ca (h) ~ f> c (x) (1-12) 

We have to analyze four cases, as can be seen from the 
following table: 
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Cases 


P A I*J 




v> 


V* 1 


11*11) 


(1-12) 


K * A 
and 
* * c 


& 


o 


o 


Q 


□ qici-o (rtf 


O ■ 1-0 (ft) 


1 


£•0*4-4 (ft) 


i 1^0 (F) 1 


x c A 
and 

K # B 


1 


□ 


0 


& 


4-flAl-d (f) 


oo=o (A) 


1 


,1 ' Mi-n (fl) 


i -o=o (A) 


K NE B. 


1 


1 


0 


O 


4’i«*-l 


o-b=o (A) 


1 


tiPi-i {F) 


i - o = o (A ) 


k e C 


0 


o 


1 


0 


P'Oia^ (ft) 


: o-ft-fl (F ) 


1 


i an o-o (.ft) 


i i=i (ftf 



SoA = (A-B)UC. 

V. Determine the following sets: 



^ ^ ^ i n « Z ]■ 

fl * D ^ W | k ■ — — ■ *-- t n * <H | 

n - 1 

j, fl 3 ( h e Z ] H * ^ * f> * I 1 

4. A - < * cZ 1 *** 



el fl * <U,y) €j kEN 1 (X + !)*■ 32 I 

0* fl » { ( x i y ) « Z x Z | **- + 3y a = 0 ^ 



7. Let P E Z(x) a n degree polynomial and q E7L . 
Knowing that P(q) = 15, determine the set: 

Pin) ^ _ t 



a * 4 k * Z 



x - q 



* - a + 1 

A « 4 h € ER | 3 a * ffi t x 331 - 1 ^ — ■ I * 

INDICATIONS : 



1. An integer maximal part is highlighted. This is obtained 
making the divisions: 



10 

2n + 1 



t so x c 2 0> 



10 

2n + I 



c 2 <=> 
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10 is dividable by 2 n + 1 <=> 71 E (0, 1, —2} 



4, E = 



a- 3k + 2 
" £k + T'~ 



tC 



4k*. 2* - 11 * ) 



so E E7L <=> 27 is dividable by 2x + 1 and 4x 2 — 2x — 11 + 
~~ is a multiple of 8 < = > A E {—14, —5, — 2, — 1, 0,1, 4, 13}. 

9 * STy 2 - {* * 32 <*> C Sy - + * + U ^ 32 

so X and y are integer solutions of systems the shape of: 

|3y — x — 1 = u 
(3y + x + 1 = v 

■+ m <* 

B -y 



with U and V as divisors of 32. 



O. x a - 2* + 3y* a S <-> ! * - y )*+ Zy“= 



< - y « O and 2y* a S . 

7. F(x) - C<x)(x - q) + R <=> %*"+ 
+ * * h ^ *-* + a ™ctxMic-q} + 

ft" 1 O 



So E TL <—> 15 is dividable by X — q. 
x-q J 

8. Method 1: For a ^ — 1 we have 

w * j2 ~ a * 1 <»> an + x * a 2 - * + 1 <=> 

m + 1 

<^> a a - all + «> + i - x ^ o <=> 

_ _ 1 + X ± *JC “ 3 

<a> a * ■ ■ 2 ‘ ' 

so, we must have X 2 + 6x — 3 > 0. As X 12 — — 3 + 2 a/ 3, we 
deduce: 

x « ( F —3 — 2.Y 3 1 U £ “3 +■ 2V" 3 * +eo) - 

Method 2: We consider the function f (a) = - — and A = 

J v y a+l 

/(D), with D = M{— 1} the domain of /. A is obtained from the 
variation table o if- 

VI. Determine the following sets, when a, b EM: 
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1. A - { . « Z | [JUIJL] - [-£-] j 

2. A - { k « Z | [ * fa * ] * [-f] ♦ * } 

3. A - ^ K « R |[ Z* ] - 2 t ' > | 

where [t] is the integer part of t. 



SOLUTIONS : We use the inequalities: [t] < t < [t] + 1, so: 




VII. The application / : T ( T ) — > defined through 

/ 04) = (p A is a bijection from the family of the parts belonging to 
T to the family of the characteristic functions defined on T. 



SOLUTION: To demonstrate the injectivity, let A,B E T(T) 
with A ^ B . From A ^ B we deduce that there exists X 0 E T so 
that: 

a) X 0 E A and X 0 & B or b) X 0 E B and X 0 & A 

In the first case (p A {x 0 ) = 1, case <p B (Xo) = 0, so cp A ^ 
(p B . In the second case, also, (p A ^ (p B . 

The surjectivity comes back to: 

V p e F 3 ft ^ ^{T) a-i. v = p 

T A 

Let then (p E T t irrespective. Then for A = { x\(p{x ) = 1} 
we have (p — (p A . 
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II. Functions 



Function definition 

A function is determined by three elements D , E and /, with 
the following significations: D and E are sets, named the domain 
and the codomain, respectively, of the function, and / is a 
correspondence law from D to E that causes: 

each element x E D to have one, 

and only one corresponding element y E E. (F) 

So we can say a function is a triplet ( D , E, /), the elements of 
this triplet having the signification stated above. 

We usually note this triplet with f\D — > E. Two functions 
are equal if they are equal also as triplets, i.e. when their three 
constitutive elements are respectively equal (not just the 
correspondence laws). 

To highlight the importance the domain and codomain have 
in the definition of functions, we will give some examples below, in 
which, keeping the correspondence law / unchanged and modifying 
just the domain or (and) the codomain, we can encounter all 
possible situations, ranging from those where the triplet is a 
function to those where it is a bijective function. 

In order to do this, we have to first write in detail condition 
(F) that characterizes a function. 

We can consider this condition as being made up of two sub 
conditions, namely: 

(A) each element X from the domain has a corresponding element, in the 
sense of “at least one element”, in the codomain. 

Using a diagram as the one drawn below, the proposition can 
be stated like this: 
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“(At least) one arrow can be drawn from each point of 
the domain. ” 




c) d) 

Fig* 2,1 

More rigorously, this condition is expressed by: 

if ) V k ^ D 3 y <£ E | y = f ( h ) 

The second sub condition regarding / in the definition of a 
function is: 

(ff) the element from the codomain that corresponds to X is unique. 

For the type of diagram in fig. 2.1, this means that the arrow 
that is drawn from one point is unique. 

This condition has the equivalent formulation: 

“If two arrows have the same starting point then they 
also have the same arrival point.” 

Namely, 

V \ ** ** ^ t w > - ft * a 5 

Conditions (ff) and (/ 2 ) are necessary and sufficient for any 
correspondence law / to be a function. These conditions are easy to 
use in practice. 
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In Figure 2.1 , the correspondence law from a) satisfies (A) 
and doesn’t satisfy (/^); in b) the correspondence law doesn’t satisfy 
(A), but satisfies (A)- In diagram c), neither (A), nor (/ 2 ) are 
satisfied, and in d) the correspondence law satisfies both (A) and 
(/ 2 ), so it is the (only) function. 

A function is therefore a triplet ( D,E,f ), in which the 
correspondence law / satisfies (A) and (/ 2 )- 

Let’s observe that these two condition only refer to the 
domain of the function: 

(A) — from each point of the domain stems at least one arrow; 

(/ 2 ) — the arrow that stems from one point of the domain is 
unique. 

It is known that the graphic of a function is made up of the 
set of pairs of points (x, /(x)), when X covers the domain of the 
function. 

G f * i ( H,f (Jf) ) \ M * D } 

HOW CAN WE RECOGNIZE ON A GRAPHIC IF A 
CORRESPONDANCE LAW IS A FUNCTION [if it satisfies (A) 
and (/ 2 )] ? 

In order to answer this question we will firstly remember (for 
the case D,E c R) the answer to two other questions: 

1. Given X, how do we obtain — using the graphic - /(x) 
[namely, the image of X (or images , if more than one, and in this case 
the correspondence law / is, of course, not a function)] ? 

Answer. We trace a parallel from x to 0 y to the point it 
touches the graphic, and from the intersection point (points) we 
then trace a parallel (parallels) to Ox. The intersection points of 
these parallels with 0 y are the images / (x) of X. 

2. Reciprocally, given y, to obtain the point (points) X having 
the property /(x) = y, we trace a parallel to Ox through y, and 
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from the point (points) of intersection with the graphic, we then 
trace a parallel (parallels) to 0 y. 

Examples 

1 . A circle with the center at the origin and with the radius r 
is not the graphic of a function / : M — > M, because it does not 
satisfy condition (/p) ( there are points in the domain that do not have any 
image , namely, all the points through which the parallel 0 y doesn’t 
intersect the graphic) or (/ 2 ), because there are points in the domain that 
have more than one image (all the points X E (— r, r) have two images). 




2. A circle with the center at the origin and with the radius r 
is not the graphic of a function / : [— r, r] — > M, because it does not 
satisfy condition (/ 2 ) (this time there are no more points in the 
domain that do not have an image, but there are points that have two 



3. A circle with the center at the origin and with the radius r 
is not the graphic of a function / : M — > [0, oo) 5 because it does not 
satisfy condition (/p). With the codomain [0, oo) 5 the points have 
one image at most. There are points, however that don't have an image. 
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4. A circle with the center at the origin and with the radius V 
is the graphic of a function /: [— r,r ] — » [0,1], because all the points 
in the domain have one, and only one image. 

5. A circle with the center at the origin and with the radius V 
is the graphic of a function / : [— r, r ] — > [0,1]. 

In all these examples, the correspondence law has remained 
unchanged (a circle with the center at the origin and with the radius 
r, having therefore the equation X 2 + y 2 = r 2 , which yields y — 

+(r 2 — x 2l A 

By modifying just the domain and (or) the codomain, we 
highlighted all possible situations, starting from the situation where 
none of the required conditions that define a function were fulfilled, 
to the situation where both conditions were fulfilled. 

WITH THE HELP OF THE PARALLELS TO THE 
COORDINATES AXES, WE RECOGNIZE THE 
FULFILLMENT OF THE CONDITIONS (A) and (/ 2 ), THUS: 

a) A graphic satisfies the condition (A) if and only if any parallel to 
0 y traced through the points of the domain touches the graphic in at least one 
point. 

b) A graphic satisfies the condition (/ 2 ) if and only if any parallel to 
0y traced through the points of the domain touches the graphic in one point at 
most. 



The inverse of a function 

We don’t always obtain a function by inverting the 
correspondence law (inverting the arrow direction) for a randomly 
given function /: D — » E. Hence, in the Figure 2.3, f is a function, 
but / -1 (obtained by inverting the correspondence law /) is not a 
function, because it does not satisfy (/ 2 ) (there are points that have 
more than an image). 
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Fig- 2-3 

With the help of this diagram, we observe that the inverse 
doesn’t satisfy (/ 2 ) every time there are points in the codomain of / 
that are the image of at least two points from the domain of /. 

In other words, / -1 doesn't satisfy (/ 2 ) every time there are 
different points that have the same image through f. 

Therefore, as by inverting the correspondence law, the 
condition / still be satisfied, it is necessary and sufficient for 
the different points through the direct function have different 
images, namely 

(f) ¥ x is D , x * x =*==> Y £x } 4 f t x ? 

3 i £ IX i / X 

A second situation where / -1 is not a function is when it 
does not satisfy condition (ff) : 




Fig 2-4 

We observe this happens every time there are points in the 
codomain through the direct function that are not the images of any 
point in the domain. 

So as by inverting the correspondence law, the condition 
(A) shll be satisfied, it is necessary and sufficient for all the points in 
the codomain be consummated through the direct function , namely 

VyeS P f E Y 
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In conclusion, 

/ -1 satisfies (/ 2 ) if and only if / satisfies (/ 3 ) 

/ -1 satisfies (/i) if and only if / satisfies (/^) 

/ -1 is a function if and only if / satisfies (/ 3 ) + (^.). 

As it is known, a function that satisfies (/ 3 ) is called an 
injective function, a function that satisfies ) is called a 
surjective function, and a function that satisfies (/ 3 ) + (f 4 ) is 
called a bijective function. 

We see then that the affirmation: “A function has an inverse 
if and only if it is bijective”, has the meaning that the inverse / -1 
(that always exists, as a correspondence law, even if / is not 
bijective) is a function if and only if / is bijective. 

With the help of the parallels to the axes of coordinates, we 
recognize if a graphic is the graphic of an injective or surjective 
function; thus: 

c) a graphic is the graphic of an injective function if and only if any 
parallel to Ox traced through the points of the co domain touches the graphic in 
one point , at most [namely / -1 satisfies (/ 2 ) ]. 

d) a graphic is the graphic of a sujective function if and only if any 
parallel to Ox traced through the points of the co domain touches the graphic in 
at least one point [namely / -1 satisfies (ff) ]. 



Examples 

1 . A circle with the center at the origin and with the radius r 
is the graphic of a function / : [0, r\ — » [0, oo) that is injective but 
not surjective. 

2. A circle with the center at the origin and with the radius r 
is the graphic of a function / : [— r, r\ — » [0, r) that is surjective 
but not injective. 

3. A circle with the center at the origin and with the radius V 
is the graphic of a bijective function /: [0 ,r] — » [0 , r). 
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So, by only modifying the domain and the codomain, using a 
circle with the center at the origin and with the radius r , all 
situations can be obtained, starting from the situation where none 
of the two required conditions that define a function were fulfilled, 
to a bijective function. 



Observation 

/ _1 is obtained by inverting the correspondence law F, namely 

f f 

k — ~ * y <=™> k * — - y 

in other words 

y - <=—=> K * (2.1) 

In the case of the exponential function, for example, the 
equivalence (2.1) becomes: 

y * <«==> x - log y (2,2) 

m 

because the inverse of the exponential function is noted by 
/ _1 (y) — l°9ay • The relation (2.2) defines the logarithm: 

The logarithm of a number y in a given base, a, is the exponent X to 
which the base has to be raised to obtain y. 

The Graphic of the Inverse Function 

If D and E are subsets of R and the domain D o if (so the 
codomain of / _1 ) is represented on the axis Ox, and on the axis 
0 y, the codomain E (so the domain of / _1 ), then the graphic of / 
and / -1 coincides, because / -1 only inverses the correspondence 
law (it inverses the direction of the arrows). 

But if we represent for / -1 the domain, horizontally, and the 
codomain vertically, so we represent E on Ox and D on Oy, then 
any random point on the initial graphic Gf (that, without the 
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aforementioned convention is the graphic for both / and / _1 ), 
such a point ( X , f (x)) becomes (/ ( X ), x). 

The points (x,/(x)) and (/(x),x) are symmetrical in 
relation to the first bisector, so we obtain another graphic Gf 
besides Gf if the domain of / -1 is on Ox. 

Agreeing to represent the domains of all the functions on 
Ox it follows that G f is a graphic of / -1 . 

With this convention, the graphics of / and f ~ 1 are 
symmetrical in relation to the first bisector. 



Methods to show that a function 
is bijective 

1. Using the definition 

to study the injectivity, we verify if the function 
fulfills the condition (/ 3 ); 

to study the surjectivity, we verify if the condition 
(/ 4 ) is fulfilled. 

2. The graphical method 

to study the injectivity we use proposition c); 
to study the surjectivity we use proposition d). 

Important observation 

If we use the graphical method, it is essential, for functions 
defined on branches, to trace as accurately as possible the graphic 
around the point (points) of connection among branches. 
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Examples 

(2x + 1 if x < 1 

1. The function /: R /(*) = | x + ^ if x> \ is 

injective, but is not surjective. The graphic is represented in Figure 
2.5 a). 

( 3x — 1 if x<2 
2x - 1 if x > 2 is 

surjective, but is not injective. The graphic is in Figure 2.5 b). 

(2x + 1 if x < 1 

3. The function /: M — > R, f(x) = | ^ + 2 ^ x > f is 
bijective. The graphic is represented in Figure 2.5 c). 




Fig. 2.5 





3. Using the theorem 

A strictly monotonic function is injective. 

To study the surjectivity, we verify if the function is 
continuous and, in case it is, we calculate the limits at the 
extremities of the domain. 
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Example 

Let’s show that / (x) = tg X, 



(i) injectivity', because / (x) = 



M is bijective. 
is strictly positive, we 



deduce that the function is strictly ascending, so, it is injective. 

(ii) surjectivity', the function is continuous on all the definition 
domain, so it has Darboux’s property and 

1 ioi i t x ) = - m 



K TT^Z 



lira f ( 

* < nsz 



from where it follows that it is surjective. 



4. Using the proposition 1 

The function , f'.D — > E is bijective if and only if 
V y E E the equation / (x) = y has an unique solution 

(see the Algebra workbook grade XII) 

Example 

Let D = <Q) X (Q> and the matrix A = Q *)• Then the function 

, D . D , + 2x a ) 

is bijective (Algebra , grade XII). 

Let’s observe that in the proposition used at this point, the 
affirmation “the equation / (x) = y has a solution” ensures the 
surjectivity of the function and the affirmation “the solution is 
unique” ensures the injectivity. 

5. Using the proposition 2 

If f,g:D — > D and g.f = l D then / is injective and g is 
surjective (Algebra , grade XII). 

Example 

Let D = TL X TL and A = (g _f 2 ) • Then the function 
f A : D — » D defined through 
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f A C VV = (Z>: * + * “** “ 2x d 

satisfies f A ° f A = l#, so it is bijective ( algebra, grade XII). 

Let’s observe that the used proposition can be generalized, at 
this point, thus: 

“Let / : D — > E,g \ E — » F, so that g ° / is bijective. Then / 
is injective and g is surjective.” 



Exercises 

I. Trace the graphics of the following functions and specify, 
in each case, if the respective function is injective, surjective or 
bijective. 

E f(sO * min ( x + i f x 3 ■*- 2 t 3 x i 
E. f{x) = max * 3 m - 1 p 2x + 3 p - 2k ) 

3* f (x ) = min ( 2 k — 3 f 4x* - 5 » Exl ) 

4- f t x > - min ( j x - 3 1 f 4x J 

5. f(x) t* 

e. f<x) = inf { t 3 + 2t + 3 ) 

fix 

7 ‘ - tw ■ :/— 



S. 



t + 1 

i 



^ z §jg* ( t3t ~ 21 ) 



S- f<*> 



It + 7)' 



10, f(x) ■ «air t in t 
o< 1 <w 

il« fix) ** HK It - 2 *rctg t ) 

IS. ftK) => *** tin t 
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SOLUTIONS. 

It is known that: 



u(kJ if utsO < vtx) and u(xj 5 mix) 

vl*J if £ u(jO and v(x) < *{m) 

h ( h ) if HiK) £ and »<k) ^ v{x> 



In order to more easily explain the conditions from the 
inequalities over U, V and W we will proceed as follows: 

1. we draw the table with the signs of the functions U — 
V,U — W and V — w 

2. using the table we can easily explain the inequalities, 
because for example u(x) < v(x ) <= ==> u(x ) < 0. 



1. For u(x ) = x + 1, v(x) = X 2 + 2 and w(x) = 3x we 
have the following table: 





1 

T 


1 




2 






_ _ 


** 




— 






+ 0 


- 


* 


- 


- 


Vf X X) 


+■ +■ 


o 


- 


0 


+ + 



So: 

m m. [-w t — * u(k) S v(kJ 



and t N(s) f so f lx ) - *+( *0 

tv) X m (y g l} — • UtK) < v(x) 



and u(*} £ h(m),so t(x) = u(x) 



C) M « <1 , 2J — n Ufa) < VtK) 
and u(x) < w(k).sd t|x) 
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d) k * (2 ► u|tO £ v(k) 

and u t w ) — m( k } >i so fix) * u( k J 

Therefore, 

( 3* if * < 1/2 

k + 1 if k > 1/2 

5. To explain / we proceed as follows: 

(1) we draw the variation table of the function y(t) = t 2 
(2) considering X in the first monotonic interval (deduced 
from the table), at the right of —1 (because we are only interested in 
the values t > — 1), we calculate the minimum of y(t) on the 
interval t E [— l,x\ etc. 



t 


-os 


-J 


K O M 


+30 


y h 




1 "" ™ 1 
'l i * 


+■ + 


y 




1 * I V ° ' \ * 


> 



a) for the first monotonic interval, X E (—1,0), the function 
y(t) = t 2 has a single minimum point on the interval [— 1, x] , 
situated in t — X; its values is y(x) = X 2 . Being a single minimum 
point it is also the global minimum (absolute) of y(t) on the 
interval [— 1, x], so, the value of / is /(x) = X 2 for X E (—1,0]. 

b) for the second monotonic interval, X E (0, oo) ? the 
function y(t) — t 2 has a single minimum point on the interval 
[— 1, x], in t = 0; its value is y(0) = 0. Being a single minimum 
point, we have / (x) = 0 for X E (0, oo) ? so 

if x « (-1 *03 

O if x m (O 

Let’s observe that using the same variation table we can 
explain the function g{x) = t 2 . Hence: 
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a) for X E (—1,0], the function y(t) = t 2 , has only one 
maximum, namely [— l,x\ in t = —1; its value is M = y( 1) = 1. 
So g(x) = 1, for x E (1,0]. 

b) for X E (0, +°°),y(t) — t 2 has two maximum points, in 
t 1 = — 1 and t 2 = X; their values are = y(l) = 1 and M 2 = 
y(x) = X 2 . The values of / is the global maximum, so: 



g(x) = max(l,x) forx E (0, +oo). 



It follows 



that g {pc) [ max (l fX ^ if x > 0 



if X E [-1,0] 



So Q ( H > 





r 1 


if 


K ^ 


< -I 


= < 


1 


if 


:< € 


(0 f 




a 

l * 


if 


X > 


1 


if 


X e 


<^1 


* 1) 




if 


K > 


i 







9. From the variation table of y(t) = — 

J (t+y) 3 



t 


“2 


X 


0 


X 




+ffl 


Y'lt) 


- 


1 

1 


0 +■ +■ 


1. 

I 


+ 


+ 


Yit) 


— v 

U9 ' 


1 

1 * 


0 f 


1 

! 


✓ 


* 



1. for X E (— 2, o] , y(t) has a single minimum on the 

x 4 

interval [— 2, x], in t = X; its value is m = y(x) = — 

(X+7) 

2. for X > 0, y(t) has a single minimum, namely [— 2, x], in 
t = 0; its value is m = y(0) = 0. So 

4 

■ — if x e C-2 , OJ 

. (« + 
f (X) ■ H 

0 if x > 0 
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Analogously, for 

16 



'■sc a 

(t + ?) 3 



Qit) 



T5T 



we have 



if * e (-2 # O] 



•"(■a-' , * , ) if x > ° 



10. From the variation table of y(t) = tr in t 



t 


0 H 


i/fi" s + o 




i 

' - I 


— — | — ^ 

- o + + | ♦ + 


Ft) 


_2 V . 





we deduce: 

(a) if X E (0,^=], the function y(t) = t 2 in t has, for t E 

lim 

(0, x], a single supremum 5 = t -» o y(t) = 0 . 

t > 0 

(b) X E (— ; oo] ? the function y(t) has two supreme values: 
S ± = 0 and M 1 = y(x) = x 2 ln x. 



So: 






M « ( O 






1 



IM( O t x*ln k )T x ■ ( 1 . OQ ) 



II. Study the bijectivity of: 



I. f<X) - 



1 



x 0 

x « q p x ** g 

* R - Q 
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2. / (x) = P(x), P being an uneven degree polynomial. 

3. fin} - log { n + tA* 3 + 1 > * > 0 # * ^ 1 

A 

m e & 



1 2 s +■ 2 

f 



s* t i dt 



M e 1R \ €l 
£R 2 f(H) » A-h 



where A 31 £ J ^ J 



6 . f I E* 
where A 3 



f ( h > » A # 



fi i 1| 

l * * 16 J 



7, f,R* > 

+ * 

f(*,y> = (lg x + 2-lg y , 3-lg « - 1 21g y) 

III. Study the irreversibility of the hyperbolic functions: 



I » *hfx) = 
a* ch ( k > - 
3 , th<H) » 
4- cth(x) - 



(hyperbolic sine) 



(hyperbolic cosine) 



(hyperbolic tangent) 



(hyperbolic cotangent) 



and show their inverses. 

IV. 1. Show that the functions /(x) = X 2 — X + 1 , 
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are inverse one to the other. 

2. Show that f ( X ) = coincides with its inverse. 

J v J l+x 

3. Determine the parameters a, b,C,d so that / (x) = cx+d 
coincides with its inverse. 

4. Show that the function /:(0,1] — > M defined 
through/ 0 ) = ^ - X, if X G [^ , is bijective. 

1 

5. On what subinterval is the function /: [— -,oo) — > M 
fix) = V* - V2x - 1 bijective? 



/• 



INDICATIONS. 

4. To simplify the reasoning, sketch the graphic of function 



5. Use the superposed radical decomposition formula: 



A 




ft + C 
2 




f 



where C = Vi4 2 — B. 



Monotony and boundaries 
for sequences and functions 

A sequence is a function defined on the natural numbers’ set. 
The domain of such a function is, therefore, the set of natural 
numbers N . The codomain and the correspondence law can 
randomly vary. 

Hereinafter, we will consider just natural numbers’ 
sequences, i.e. sequences with the codomain represented by the set 
of real numbers, M. 
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/: N — > R REAL NUMBERS SEQUENCE 

For this kind of function, with the same domain and 
codomain each time, only the correspondence law / should be 
added, which comes down to specifying the set of its values: 

/(0),/(l),/(2) /(n), ... 

1H R 




f(O) ^ a f C 1) = a » i .1 s f ( n ) ■ a , . * * 

i a r> 

So, to determine a sequence, it is necessary and sufficient to know 

the set of its values: a 0 , a lf , a n , .... This set is abbreviated by 

(^n)nGN- 

Consequently, a sequence is a particular case of function. 
The transition from a function to a sequence is made in this 
manner: 

(Si) by replacing the domain Dwith N 

(s 2 ) by replacing the codomain E with M 

(s 3 ) by replacing the variable X with n (or 771, or i, etc) 

(s 4 ) by replacing / (x) with a n 
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DOMAIN 


CODOMAIN 


VARIABLE 


CORRESP. 

LAW 


Function 


D 


E 


X 


m 


Sequence 


N 


E 


n 


CL n 



Hereinafter we will use this transition method, from a 
function to a sequence, in order to obtain the notations for 
monotony, bounding and limit of a sequence as particular cases 
of the same notations for functions. 

We can frequently attach a function to a sequence (a n ) nE ^ , 
obtained by replacing U with X in the expression of a n (a n 
becomes f (x ) ). 



Example 



We can attach the function /(x) = 



x+3 

2x+l 



to the 



sequence 



(In 



71+3 

271+1' 



However, there are sequences that we cannot attach a 
function to by using this method. For example: 



nl 

Pi * 1 



It is easier to solve problems of monotony, bounding and 
convergence of sequences by using the function attached to a 
sequence, as we shall discover shortly. 

Using functions to study the monotony, the bounding and 
the limits of a sequence offers the advantage of using the derivative 
and the table of variation. 

On the other hand, it is useful to observe that the monotony, 
as well as the bounding and the limit of a sequence are particular 
cases of the same notion defined for functions. This 
particularization is obtained in the four mentioned steps (sf) — 

(s 4 ) . 
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Here is how we can obtain the particularization, first for the 
monotony and bounding, then for the limit. 



MONOTONIC FUNCTIONS 


MONOTONIC SEQUENCES 


a) the function / : D — > M, D Q 
M is monotonically increasing if: 
Vx 1 .x 2 G D,X 1 <X 2 ^> f{x t ) 

<f(x 2 ) 


a) the sequence / : M — » M is 
monotonically increasing if: 

v n lt n 2 eM,n 1 <n 2 ^ 

^n 1 — O' n 2 CO 

If condition (1) is fulfilled, 
taking, particularly ^=71 and 
n 2 =71 + 1, we deduce 
CL n < Ci n+1 for any 71 (2) 

In conclusion (1) — > (2) 

The reciprocal implication also 
stands true. Its demonstration 
can be deduced from the 
following example: 

If (2) is fulfilled and we take 
n i = 7,n 2 = 11 , we have 
U'l < 7l 2 and step by step 

7 A ■ p ID 

and fly ^ fl 44 . 

Consequently, (1) > (2). 

Because conditions (1) and (2) 
are equivalent, and (2) is more 
convenient, we will use this 
condition to define the 

monotonically increasing 

sequence. But we must loose 
from sight the fact that it is 
equivalent to that particular 
condition that is obtained from 
the definition of monotonic 
functions, through the 

particularizations ( — (s 4 ) , 

that define the transition from 
function to sequence. 
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b) the function / : D — > IR, D Q 
M is monotonically decreasing if: 
V X lf X 2 ED,X 1 <X 2 ^> 

>f(x 2 ) 


b) the sequence /: M — > IR is 
monotonically decreasing if: 

V n lf n 2 E N, n ± < n 2 -+ a n± 

— a n 2 

It can be shown that this 
condition is equivalent to: 
a n > a n+1 for any n E N (4) 


LIMITED FUNCTIONS 


LIMITED SEQUENCES 


a) /: D — > IR , D Q R is of 
inferiorly bounded if it doesn’t 
have values towards — oo ? i.e. 

3a E IR,Vx E D, /(x) > a 

b) /: D — » IR , D IR is of 

superiorly bounded if it doesn’t 
have values towards +oo 

i.e. 3b E IR,V X E D, /(x) < b 

c) /:£>—> IR , Dei is 
bounded, if it is inferiorly and 
superiorly bounded, i.e. 

3a, b E IR,V x E N a < /(x) < 
b. 

In other words, there exists an 
interval [a, b ] that contains all 
the values of the function. This 
interval is not, generally, 

symmetrical relative to the origin, 
but we can consider it so, by 
enlarging one of the extremities 
wide enough. In this case [a, b ] 
becomes [— M, M ] and the 
limiting condition is: 

3 M > 0, ,V x E D -M < 

/(x) < M i.e. 

3 M > 0,,Vx E D \f (x) | < M 


a) the sequence f'.N — > IR is of 
inferiorly bounded if it 

doesn’t have values towards 
—oo ? i.e. 

3a E R,V n E N, a n > a 

b) the sequence / : N — » IR is of 
superiorly bounded if it 
doesn’t have values towards 
+oo 3 i.e. 

3b E R,V n E N, a n > b 

c) the sequence / : N — > IR is 
bounded if it is inferiorly and 
superiorly bounded, i.e 

3 a, b E IR, V n E N a < a n < 
b 

OR 

3 M > 0,Vn E N \a n \ < M 
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Methods for the study of monotony 
and bounding 



METHODS FOR 
FUNCTIONS 


METHODS FOR 
SEQUENCES 


The study of monotony 


1. Using the definition: 

We consider X 1 < X 2 and we 
compare the difference / (hq) = 
f (x 2 ) to zero. This can be done 
through successive minorings 
and majorings or by applying 
Lagrange’s theorem to function 
/ on the interval [x 1; X 2 ]. 

2. Using the variation table (in 

the case of differentiable 
functions) 

As it is known, the variation 
table of a differentiable 
function offers precise 
information on monotonic and 
bounding functions. 

3. Using Lagrange’s theorem 

It allows the replacement of the 
difference / (x 2 ) — / (hq) with 
/ (c) that is then compared to 
zero. 


1. Using the definition: 

We compare the difference 
CL n + 1 — d n to zero, and for 
sequences with positive terms 
we can compare the quotient 
a n + 1 / d n to one. We can make 
successive minorings and 
majorings or by applying 
Lagrange’s theorem to the 
attached considered sequence. 

2. Using the variation table 
for the attached function 
We study the monotony of the 
given sequence and, using the 
sequences criterion, we 
deduce that the monotony of 
the sequence is given by the 
monotony of this function, on 
the interval [0, oo) ? (see 
Method 10 point c) 

3. Using Lagrange’s theorem 
for the attached function. 


The study of bounding 


1. Using the definition 

2. Using the variation table 


1.. Using the definition 

2. Using the variation table 
for the attached function 

3. If the sequence 
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decomposes in a finite 
number of bounded 
subsequences, it is bounded. 
4. Using the monotony. 

If a sequence is monotonic, at 
least half of the bounding 
problem is solved, namely: 

a) if the sequence is 
monotonically increasing, it is 
inferiorly bounded by the first 
term and only the superior 
bound has to be found. 

b) if the sequence is 
monotonically decreasing, it 
is superiorly bounded by the 
first term, and only the inferior 
bound must be found. 

c) IF THE SEQUENCE IS 
MONOTONICALLY 
DECREASING AND HAS 
POSITIVE TERMS, IT IS 

BOUNDED. 

Exercises 

I. Study the monotony and the bounding of the functions : 

{ x + 1 if x < 1 

k + H + ± if x > 1 

2* f ( x > = h 4 + | - 4 j 

3* f ( k ) = ( In x) ln * t f s C 1 1 w > + E 

4- f ( x > = ■ * f : OF? — > CR 

’/x 1 * x + 1 

5- f ( m ) = f x — 2 — V^x - 5 " , 

# s E3,a>) — * JR 
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0- f { k ) = arctg x p f s K * ^ J 

ANSWERS: 

3. We can write f(x) = e fnxln ( lnx ) and we have the 
variation table: 



* 


i 




B 










t 


- 


- 


0 + 


+ 


*■ 




+ 


too 


i 


\ 


a’ 1 '* 




f 







so the function is decreasing on the interval (1, e 1 ^ e ) and increasing 
on ( e 1 / 6 , oo ). It is inferiorly bounded, its minimum being m = 
e _1 / e and it is not superiorly bounded. 

5. We use the superposed radicals’ decomposition formula: 

too- / a * /-r ♦ c - fK ~~ c , 

with € - A*- B 



6. Let X-l < X 2 - In order to obtain the sign of the difference 
/Oi) - f(x 2 ) we can apply Lagrange’s theorem to the given 
function, on the interval [x lf X 2 ] (the conditions of the theorem are 
fulfilled): C E M exists, so that: 

- f(x > * - x ) =* 

12 12 



v\ 



it 2 » < 0 



so the function is increasing. 

II. Study the monotony and the bounding of the sequences: 

i. a = 



* * - 77 
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also determine the smallest term of the sequence. 

^ h 

3* a m n a 

n 

also determine the smallest term of the sequence. 

4* a - — ~ 1 - -fOT , for n > 2 . 

ti in n 

% - Cl + 

1 

a e <0 , 1) , * (i *■ * 

y n being the intermediary value that is obtained by applying 
Lagrange’s theorem to the function f(x) = Ini on the intervals 

[n,n + 1]. 

ANSWERS: 

2. The function attached to the sequence is f(x) = X^ x . 
From the variation table: 



X 


2 


* 3 


f 1 (X) 


+ 


1 

+■ a - 


*u> 


/ 


/ *<*> ^ ^ 



we deduce, according to the sequence criterion (Heine’s criterion, 
see Method 10, point <r), the type of monotony of the studied 
sequence. The sequence has the same monotony as the attached 
function, so it is decreasing for n > 3. Because the sequence is 
decreasing if n > 3, in order to discover the biggest term, we have 
to compare a 2 and a 3 . We deduce that the biggest term of the 
sequence is: 




3. The function attached to the sequence is / (x) = XCL x . 
From the variation table for a E (0,1): 
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O (-In a)' 1 


f ' C* J 


+ + 0 


- - 


- 


fix) 


' t \ 


X 





using point c) from Method 10, we deduce that the given sequence 
is increasing for 71, smaller or equal to the integer part of (— In a ) -1 
and is decreasing for 71 > [(— In a) -1 ] + 1. 

Because 

1 xm S - In = O and lim t-ln e, } = + co _ 

we deduce that the interval [l, [(— In a) -1 ]], in which the sequence 
is increasing, can be no matter how big or small. 

6. The sequence of the general term a n is increasing, the 
sequence of the general term b n is decreasing, and the sequence C n 
is increasing if a E [0, 71 — y n ] and is decreasing for a E [, 71 — 
Yn> !]• 

III. Using Lagrange's theorem. 

1. Prove the inequality |sinx| < |x| for any realx, then 
show that the sequence a 1 = sinx, a 2 = sin sin x, ... , a n = 
sin sin ... sinx, is monotonic and bounded, irrespective of X, and 
its limit is zero. 

2. Study the monotony and the bounding of the sequences: 



i * & 

n J n 



In n 



* * 



- aroir. f f r 1 

n + 1 



2n + i 



n 

+ 2In n ■ 



/ n +■ 2 
e * n - / — ^=r- 
ft r n + 3 



ANSWERS: 

1- J s:in k | £ | x J <=> j 



3 in k 



J * * 
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From Lagrange’s theorem applied to the function / (n) = sin t on 
the interval [x, 0] or [0, x], depending on X being either negative or 

positive, we obtain |~“| — | COS C | < 1. The sequence satisfies the 



recurrence relation: Ci n+1 = sin a n , so if sinx > 0, we deduce that 
the sequence is decreasing, and if sinx < 0 the sequence is 
increasing. It is evidently bounded by —1 and 1. Noting with L its 
limit and passing to the limit in the recurrence relation, we obtain 

L = sinL, so L = 0. 






*3 * - 



* 



n 



C 1 * 




c 1 r 1 - 

, »(n +■ 1? ~ ftn) r 

ri + 1 - n 



where / (x) = (1 + ^) x 



defines the function attached to the 



sequence. 

b) Applying Lagrange’s theorem to the function attached to 
the sequence, on the interval \n,n + 1], we deduce CL n+1 — a n — 
f ( c n)- We have to further determine the sign of the derivation: 

namely, the sign of 

*<*> - ln t 1 + F ) ~ tFt * 

From the table below we deduce ^(x) > 0 for X > 0, so Ci n+1 — 
a n > 0. 



X 


0 










+ Ofl 


9 ‘ <«> 




- ■ 


- 


- 


- 






! \ 




\ 









IV. 1 . Let I be a random interval and /:/-»/ a function. 
Show that the sequence defined through the recurrence relation 
a n+ 1 = / (d n ), with a 0 being given, is: 

a) increasing, if / (x) — X > 0 on / 

b) decreasing if / (x) — X < 0 on /. 
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2. If the sequence ( &n)neN ls increasing, and the sequence 
(^n)neN ls decreasing and a n < b n for any 71, then: 

a) the two sequences are bounded, and so convergent. 

b) if (b n — a n ) = 0 then they have the same limit. 

c) apply these results to the sequences given by the 
recurrence formulas: 




with a 0 and b 0 being given. 



SOLUTIONS: 

1. Ci n+1 — a n = / (a n ) — CL n > 0 in the first case. 

2. the two sequences are bounded between a 1 and b l9 so the 
sequences are convergent, because they are also mono tonic. Let 
and l 2 represent their limits. From the hypothesis from (b) it 
follows that 1 1 = l 2 • 

(c) the sequences have positive terms and: 

f b - a 

* n-i i*-l v „ 



f to — a 1 * 

b* - a 2 - I !E!_ > o . 

" " L 2 J 

V. Study the bounding of the sequences: 

l l i l I i _l_ 

i - * * !P 2 T 3 , 4 !t 4'S 1 5 



1 1 
' n +■ 



2a sin 1 



a 1 f i X 1 

»n 1 T « 5J.n ^ ^ J t t ■ ■ * f 



3. 1 , 2 , y , 4 ’ T ’ 4 ' " 



4 p 2 > 4 , i p ■ 1 * » 

> t 1 + r* c 1 + -R- n 
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5. cas{fi/4> , C(K(CQfi(ff/43) s **■ 
h.1,2 , /T, ^ ... i h „« *•- 

with » o - 1 , b 0 “ 2 , i 1 + % , 

1 + b 

i b m - — = — ■ ■ ■■ ■■ 

2 

ANSWER: Each sequence is decomposed in two bounded 
subsequences (convergent even, having the same limit), so they are 
bounded (convergent). 
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III. The limits of sequences 
and functions 



The definition of monotony and bounding of sequences has 
been deduced from the corresponding definitions of functions, 
using the method shown, in which X is replaced with n and / (x) is 
replaced with a n . We will use the same method to obtain the 
definition of the limit of a sequence from the definition of the limit 
of a function. This method of particularization of a definition of 
functions with the purpose of obtaining the analogous definition for 
sequences highlights the connection between sequences and 
functions. Considering that sequences are particular cases of 
functions, it is natural that the definitions of monotony, bounding 
and the limit of a sequence are particular cases of the corresponding 
definitions of functions. 



The limits of functions 

The definition of a function’s limit is based on the notion of 
vicinity of a point. 

Intuitively, the set V c M is in the vicinity of point X 0 E M, 
if (1) X E V, and, moreover, (2) V also contains points that are in 
the vicinity of X 0 (at its left and right). 

Obviously, if there is any open interval (a, h), so that X 0 E 
(a, h) c V, then the two conditions are met. 

Particularly, any open interval (a, b ) that contains X Q 
satisfies both conditions, so it represents a vicinity for X Q . 

For finite points, we will consider as vicinities open intervals 
with the center in those points, of the type: 
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Vj= f l - c , l * e) W M = <5, * Q + 

O 

and sets that contain such intervals. 

For (+ 00 ), Vqo = (°° — £, oo + £) doesn’t make sense, so we 
have to find a different form for the vicinities of +oo. In order to 
accomplish this, we observe that to the right of +oo we cannot 
consider any points, so oo + £ has to be replaced with +oo . 
Furthermore, because oo — £ = oo ? we replace oo — £ with £. So, we 
will consider the vicinities of +oo with the form: 

V m = (£,oo) 

and sets that contain such intervals. 

Analogously, the vicinities of — oo have the form: 

V-oo = (- 00, e) 

The definition of a function’s limit in a point expresses the 
condition according to which when X approaches X 0 , / (x) will 
approach the value l of the limit. 

With the help of vicinities, this condition is described by: 

1 in f Cm) * t < =“> 

M -> X 

O 

<=> tv V a V V x <= V , * * =*> f (x) V l 3 (***) 

1 *o 

As we have shown, for the vicinities Fj and V^from the 
definition (***), there exist three essential forms, corresponding to 
the finite points and to + oo and — oo respectively. 



CONVENTION: 

We use the letter £ to write the vicinities of Z, and the letter S 

designates the vicinities of X 0 . 

We thus have the following cases: 

a) * ~ finite V = { x — & , x + *5J 
a m a o 
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and n « <«> » * ^ * * 0 + £) <=> 

o 

<“> ?f-d<x<x+d 0> 

' o o 

<»> -6 < n - rt <6 <“> J * - x I < <5 

0 1 O 1 

b) X - +CD »> V * V - (d , +CT 5 > 

p 

and condition X E and 14 becomes X > S 
x 0 

c) X = — ® => V » V * ( --GO , 6) 

o It "S 

o 

and condition X 0 E and 14 0 becomes X < 5 

a'} l — finit V ■= t£ - £ t L + £) 
so the condition f ( jO e V t becomes:: 

f < X ) 4 ( £ - <-> 

<=> £ - £= < f (x < t + <=> 

<=> -* < f £x*- i < e <=>| t(x> - l j < £ 

0' ) l m +eo -> V = V = (J? , 

L + O0 

and the condition f t x ) m becomes 1(x)> £ 

C 1 } t = -tp -> V L - V ^ ^ (-as f £> 
and the condition f £ a ) « V becomes f E x) < £ 

All these cases are illustrated in Table 3. 1. 

Considering each corresponding situation to X 0 and l , in the 

definition (***), we have 9 total forms for the definition of a 

function, we have the following 9 situations: 

{i\ x “ finite f £ - finite 
1 o 

1 in fix) ^ l <-> [ Y *>0 3 d >0 V - 

o 

t *> J f<K>-l j<* ] 

( l > m = + 03 j £ - finite 
2 o 
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lim fix] = l <, ± => 

<->[y £>0 3 6^>0 V *>& £ => |f(K)-l|<jc] 

(1 ) w = — ai * i - finite 
' a a 1 

lim f { >■ ) = t < = > 

a -> - a 

<=> [ V 3 6 £ V x<£ 5^ »> I f <x>-i {<ff] 

{ l > k — finite h, l * + » 

4 O 

lim fix} = <-> 

D 

<=> [ V C 3 d £ >0 ¥ I Jt— | <-5^ -> -t< »)>-e] 

X^ + < 3 =l f ^ “ + 3 ) 

3 O 

lim fin) = <=> 

S ->£D 

<*> [ V £ 3 <5^ ¥ x>& £ => f ( k ) >£ ] 

{ l ) 5« = “ ro j l 3 + ro 

d o 

lim f (x) = +co < a > 

31 -> —co 

<a> f¥ is 3 ^ V *<£ »> f(x)>* 1 

( 1^) x^“ finite t l fc ~ca 

lim f(x) - -es <-> 

X -> K 

0 

<=>[¥ * 3 <^>0 V k^k o , h-x o |< 6 jF =>f (x)< 

( l # ) * o = + CJ , l * - <» 

lim fix) =* -os <=> 

X 

<-> [ Vtf 3 ^ *=> * < x ) <e ] 
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U ) h = — * l = - eo 

p o 

1 im f (k) — < a > 

* 

<*> [ ¥4: 3 V => 



Table 3.1 



»\{ 








l - finit 


l s + w 


t * "■ 00 




V w =(n ft -6 t x ft +i4) 


v * " 11( 0 _d »V ai 


V »(x -6 f x +£> 




* 


0 


0 




t+tf) 


£ T n>) 




K 


x e V £=> 


x e V <*> 


x £ <*> 




0 


0 


* 0 


finite 


<=> jx-x^j < (5 


; <-> |*- % | < « 


<=> h-*J < * 




ft*) * v L <-> 


+ U? S V <=> 


f{x) e V t <-> 




<^> |f(x)'l| < £ 


<-> f ( x ) > * 


<=> f f n } < £ 






V t|Opffl) 


V =16.35) 






0 


O 




l+c) 


V^t £,<=o) 






K C V <=> 


* <-> 


x . m V <*■> 


y. = +(c 
0 


K 0 

<=> X > 6 


<*> x > 6 


X 

0 

<»> x > 6 




+ ( K > <e v ( <-> 


f < X ) e V t <=> 


flxj « <■> 




<=> jf(K)-lj < £ 


<-> f ( K } > £ 


<-> f t *) < £ 




V - i-&,6) 


V “ (-=>,6) 


j V = < -TO t 6) 




x a 


“0 


*0 




\ V t » U-£,I+£) 


W t - U,s) 


V L - <-»,£) 




K «S V <»> 

X 


* e V <p> 

*0 


x V <«> 

* a 


X = “CD- 

O 


<=> K < 6 


<»> x < 6 


O 

<=> x <6 




f{*) C V ( <■> 


1(x) e V <=> 
1 


fix) m V, <-> 
1 




<=> |f(*)-l| < * 


<-> f(x> > e 


<-> fix) < c 
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Exercises 

I. Using the definition, prove that: 



1. 


Um 
* ">S 


(3m - 


n = 14 


a* 


lira 

* -1 A 


2x +■ 
3x +■ 


3 - i 
2 


3. 


lint 


/ K +■ 


2*2 


A 


lin 

H ->i 


1 




4* 


<* - 


i) a 


5, 


Ufl; 

w 










6. 


f l i(n 

X ->ci 


sin ^ 


= sin a 


7* 


lioi 
x -> a 


in x ^ In a 


ANSWERS: 







In all cases, we have X 0 — finite. 

2. We go through the following stages: 
a) we particularize the definition of limit 

1 < = > 



, + 3 

liitt __ „ 

a -> J + 2 



<=,> [V «>0 3 6 > 0 v I X - i ! < s . =7 

f-lH-i- -»l <*] 



— > . 

" 3-K +■ 2 

(taking into account the form of the vicinity). 

b) we consider £ > 0, irrespective; we therefore search for 

s e . 

c) we make calculation in the expression \f(x) — Z| , 
highlighting the module | X — X 0 \ . 






2x + 3 
3 x + 2 



-1 



S x - l I 
I 3x+2 
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d) we increase (decrease) the obtained expression, keeping in 
mind we are ony interested in those values of X for which \x — 
X 0 1 ^ • 

{ x - i | _ , ___ * 

g Q . | + 2 [ "T + 2 I 



e) if the expression that depends on X is bounded 
(continuous) in a vicinity of X 0 , we can further increase, to eliminate 
X. We have: 




6 

£ 



t 

\ 3 * + 2 1 



< # 



1 



because in the interval [0,2], for example, that is a vicinity of X 0 = 

1 , the function q(x) = - — - — - is continuous, and therefore 
5 J |3x+2| 

bounded: ^(x) E [^ , ^] , if X E [0,2]. 

f) we determine S £ , setting the condition that the expression 
we have reached (and that doesn’t depend on X, just on S £ ) be 
smaller than £: 



i < r -> 6 < 

£ 2 £ 

Any S £ that fulfills this condition is satisfactory. We can, for 

example, choose S £ ^ £ or S £ = £ etc. 

In order to use the increase made to function g, we must 

3 

also have S £ < 1, so, actually S £ = min(l,-£ ) (for example). 

It follows that: 





mind, 



) < * 




2 <=> 



<» [ V £>0 3 V K*2 t \ k - 2 1 < *> 
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=*> I / X 2 - 2 [ < ( ] 

b) let 8 > 0; we search for S £ 



[ / x + 2 - 2 | - 

I x * 2 1 



I ,* - 2 I 



i ■/ x + 2 + Z j 
6 



d> 



/ * + 2 + 



Yx + 2 + 



- i 



y* + 2 + 2 /* + 2t2 

because in the interval [1,3], for example, the function: 

1 



< -• 



is bounded by: 

I 



✓77 



2 + 2 



and 



/l 



/s + 



f) we determine <5 £ from the condition: -^ < 8. We obtain 

<5 £ < 3 £, so we can, for example, take S £ = 8. But in order for the 
increase we have made to function g to be valid, we must also have 
S £ < 1, so, actually S £ = min(l, a). 

It follows that: 

t K + 2 I ^ 



/x + 2 +■ 2 x + 2 + 2 

, s) , 

3 3 

so the condition from the definition of the limit is in this case, also, 
fulfilled. 



68 



Methods of Solving Calculus Problems 



aJ lim 
a 



* CD 0> 



(M - U 

<“> [V *>0 3 V XI*!, |k - 1| < 



»> 1 > * ] 

fx - ir 



b) let £ any (not necessarily positive, because l = + oo ? so 
Vj = (f, +oo)only makes sense for any £, not just for £ positive). 

1 i 






d> 



( y. - 1) 



“ ir 



Jt < ( because we only consider 



i* - u 1 

those x for which » |x - 1 1 < <5 ) ■ 
fi <s* < 4- , 



so we can take = — ■= 
£ 2 Vi 



Then: 



< * " i ) ! k - 1 1 

' v-rp ■ 4 * > * 

II. Using the definition, prove that: 
3* + 1 3 



lira 



2. | i m 






k * + 1 



T5?T 



ANSWERS: 

1 , lim 



3x + 1 
2x - 1 



<-> 



r V z>0 3 6 V x>6 -> 

L £ £ 
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\ Z>i + 1 
| 2x - 1 




< * ] 



b) let £ > 0 any; we search for S £ . 

c) because X 0 isn’t finite anymore, we cannot highlight \x — 
X 0 | . We will proceed differently: we consider the inequality 
|/0)-/|< £ as an inequation in the unknown X (using also the 
fact that X -> oo ? so, we can consider \2x + 1 | = 2x + 1 ). We 
have: 



I f t * ) - i | < & 



z* + i 
2m l 



Z 

' 5" 



< 4T <=> 



<«> 



< £ <-> 



2\2x + 1 ! 2 ( 2 m 4 - 

< ^ [ for * > — J <■*> Zw + 1 > <— > 



<— > x 



> 



I - 2* 

ft " 



So for 6 

t 



AIK ( - 



1 

T 1 



i 



- 2£ 



j and 



* > <5 F we have: 

tf - 

3k + 1 _ 3 | 

2k - 1 2 I 



< £ * 



2* lin 



X a + 1 

x — LOO 



m <*> 



<=>[v * a 6 V x>£ > AOOl 

* £ M - 100 J 

b) let £ > 0 any; we determine <5 £ . 

c) we express X from the inequality f(x) > £ : 

* ^ 1 y ^ <=> f we can assume n > 100 because 

x - 1O0 

x co ) + 1 - + 100 * > 0« 
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If X 1 and X 2 are the roots of the attached second degree equation 
and we assume X 1 < X 2 , we have / (x) > £ X > max(100, X 2 ). 
So we can take S £ = max(100, X 2 ). 



The limits of sequences 

The definition of a sequence’s limit is deduced from the 
definition of a function’s limit, making the mentioned 
particularizations: 

(1) X is replaced with 71, 

(2) / (x) is replaced with a n , 

(3) X 0 is replaced with n 0 . 

Moreover, we have to observe that n 0 = — oo and finite Tl 0 
don’t make sense (for example n -> 3 doesn’t make sense, because 
n, being a natural number, cannot come no matter how close to 3). 

So, from the nine forms of a function’s limit, only 3 are 
particularized: the ones corresponding to X 0 = +oo. 

We therefore have: 

(Z 10 ) i ~ finite (we transpose the definition (Z 2 )) 

lim a = l <=> 

ft 

ft ■? CD 

< = > [ v £>0 3 £ V n>6 - U < c ] 

Because in the inequality n > S £ , n is a natural number, we 
can consider S £ as a natural number also. To highlight this, we will 
write U £ instead of S £ . We thus have: 

liw a ■ l <■> 

n 

ft ->«■ 

<-> [v^>0 I n £ (N V n>n -> 1 a - l | < * ] 

t f ft J 

(Zn) l = +oo (we transpose the definition (Z 5 )) 
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liffl a s ce <=*> 

n 

r\ ~>cd 

<-> £ V s>Q 3 IK V n>n^_ a > j: ] 

(Z 12 ) l = ~ 00 ( we transpose the definition (Z 8 )) 

lift a * “OO <^> 
n 

n -> oo 

<^> f Vc 3 n « 01 ¥ n>n *> a < tf 1 

L t £ n J 



Examples 

I. Using the definition, prove that: 



1. 



lint 

T\ Q& 



3n - I 
3n + 1 



i 



2 * 



lim t— 

■n ->c d + n + i 



0 



3* lim 5 * 0 

a 2 n + 3 

4* lira A’" + n + 1 = co 

h ->® 



ANSWERS: 



1. We adapt the corresponding stages for functions’ limits, in 
the case of X 0 = + 00 . 

* J “■ |H4 - 1 <_> 

TP ->W 



<=> [v c >0 3 n e IH V n>n 



3n — 1 
+ 1 



- i 



£ i 

b) let £ > 0 any; we determine n £ E N. 

c) we consider the inequality: \a n — l\ < £ as an inequation 
with the unknown 71: 
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1 3n - 1 .1 






1 ♦ 1 q 


< £ 0> 






2 


_ I 


2 


n > £ 


X 


<> 3r> + 1 




3 


so > n£ = [ir] + 1 






S- lirti 


i 


A 

u 

V s 

0 

1 


2 

n n 


+ n +■ 1 








i 


<-> p y ^>0 3 ri ^ IN 


V n>n 

£ 


2 . . , 



u £ rr + n + I : 

b) let £ > 0 any; we determine n £ E N as follows: 

c3 i < £ 0> 

+■ n + 1 

<==> fn 1 + £n + £ - 1 > 0 

Let T^and n 2 represent the solutions to this second degree 
equation (jl 1 < n 2 ). Then, for > n 2 , the required inequality is 
satisfied. So, U £ = [n 2 ] + 1. 



Calculation methods for the limits of 
functions and sequences 

Let’s now look at the most common (for the high school 
workbook level) calculation methods of the limits of functions and 
sequences. 

Joint methods for sequences and functions 

1 . Definition 

In the first chapter, we have shown how to use the definition 
to demonstrate the limits of both functions and sequences. We will 
add to what has already been said, the following set of exercises: 
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I. Using the definition, find out if there limits to the 
following sequences and functions: 

, _ /n a - 100 

TV n 

2. I = - lOO 

, /n* - 100 

“W" 700 “ n 

4 . f ( h 3 = V x - In k > 2 x ■ a 

Q U 

5* f *= cos >: - In x = “ ?i x * 

O Z P 

1 

i.f(ic) * 5 " * 1 « in x ■ 1 x = a 

Er O 



2. Giving the forced common factor 

The method is frequently used to eliminate the 

oo 0 

indeterminations of type: — , oo — oo ? By removing the forced 

common factor we aim at obtaining as many expressions as possible 
that tend towards zero. For this, we commonly employ the 
following three limits: 



cu 



f 2> 



£33 





r O if a>0 


lim = < 


1 Lf 


* -45 




JC > O 


L CD if «<0 




T if 


a 

lim K * 


1 if a=G 


* CD 


[ 0 if <3<0 




' O if x. e £-1 


i ft 

1 1 m x ™ ’ 


1 if x = l 


!% -^CD 


1 co if k > 1 



13 



In order to have expressions that tend towards zero we aim 
therefore to: 
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■ obtain as many terms as possible with the form X a , with 
a < 0, if x -> oo. 

■ obtain as many terms as possible with the form X a , with 
a > 0, if x -> 0. 



Examples 

I. Calculate: 

1- lim 



3m - x + 2 



n a ' +■ se + 5 



2m lim 



__m+a _.F 

7 + 9 






3. 1 1* 



Z n + 2 ’ 3 n + 3-9" 



n ->a» 3 n * + 4 ■ 5" 

_n . —ft M n 
m . , 2 +3 + Jt 

4, li,n , x > 0 

ft 3 n +■ 4 1 " 1 

2a" * b" 



5. lim 



a -> er> 3 ■ 4 



6 . lim 



(n + 2)! - (n + 1)! 



ft o? ( n +■ 2 ? ■ + ( n + i ) S 

2 i n*- 2 + n*+ i 



7- lim 

n * JTO 6 n% 2 4- yV + 3n a * 1 



llfl) 
x ->o 



M ! + 2‘Vx^ 

-S Q ' > ■ 

iO 3/ 

/ 2k - / K 



9- 3 i cn 



_ln_C m t n 4- it 
to . 



X ->051 In (x + k + 2 ) 

Irt / n / ' ~ 

V x + 3r x 



iO* lim 

X ->Q 
X 



->0 y — 

> O ft / m # — =- 

/ 3x + / x 
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11 . lift 



12 m lint 

X -> O 



C x + 1 ) ~ - L a + 1 ) 



i] 

1*1*1 
1 ■+■ In |*i | 



13. 11m InU * * ’ 

i j * * h 

jc ln( x + e ) 



ANSWERS: 

2. Given the common factor 9 n we obtain terms that have 
the form X n , with sub unitary X. 

7 lnlx^ M •* 1 ) 

ln< k 1d + k + 2) 



n * a [l ♦ -±- + -L ) 

i n „«fi + V + _JL_1 

In x in fl + — + -i— 1 
^ k ^ 

Oln x + In fl + -L + . 1 — I 

l * ) 



Hn x + It 



IOIr x + Ir 



expression that tends to - when X tends to infinity. 
II. Trace the graphics of the functions: 



1 . tty.) - lifl 



f x > O 



3- f ( H It = lim 



3 - f { X ) * 1 1 m 



2 Jn + x 2 " 

1 + H+ **« + )€* 
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*■ f(x) 


™ 1 i m 


r I + x r> , x > — 1 




n, 




f(K) 


= I im 

n 


ln(2 r, + . x") 


o 




= lie. 


“ i ) ■ arctg 








7. f(K) 


= lim 

n- 


Fi+l 

* - 2dfi x 


n . _ _ n 

x + 3 ’ In * 



8. For any rational function, non-null, R with real 
coefficients, we have: 

lim — - 1 (workbook grade XJ1) 

M “ > CC 

3. Amplification with the conjugate 

It is used to eliminate the indeterminations that contain 
radicals. If the indetermination comes from an expression with the 
form: 

vCTT- 

than we amplify with: 

/ iV*< M ) +■ / u p_a fx) v<sO * ... + /v p ’‘(») (3.1) 

with the purpose of eliminating the radicals from the initial 
expression. The sum from (3.1) is called a conjugate of order p. 

If the indetermination comes from an expression with the 

form: 

■v — — “ p / 

y u < h ) + y v i k > 

with p — uneven number, the conjugate is: 

■/ u p " 1 (x7 - y u p “*lx) "•vOO *■ ... «■ / >Nx) . 

An example of application for this formula is exercise 5, 

below. 
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Exercises 



1* I 

Jf *> GO 



2» 11m 

X 

3. lim 

K -> 0 

4* 1 im 

a 

3. lift 

w - 1 



ip linr n 



im £ / **+ x®* 1 — x*+ 1 } 

/ w*+ A + /^ a - 2x + 3 



* - 3 

7TT7-7rr7 



7 1 * « + ■/ 1 - K 



i + y * 

i ♦ 77 

r»~ p m i ffl i 1 

i*p" Vn+i - / n - 1 



T* v ~ , *y * 

/ fi + 1 — r n - 1 

r * f i VTT + a / n + 1 + 

° 4 

. . „ + * t /7T7 ), With a o + * i + + 



ANSWERS: 

7. We replace, for example a 0 = —a 1 — a 2 — ' 
given sequence and we calculate k limits of the form: 

3/“ 3 i 

Lit i. ( / n - /n + i J 



■ — a k , in the 



11 

n ->tt> 



4. Using fundamental limits 

Hereinafter, we will name fundamental limits the following 

limits: 

( a ) Up* Sin a - 1 

a 

a ->o 
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(to 


lim 
a ™>a 




U« 

£S -> O 



a * 

a - 1 



A 

a 



» In a 



OBSERVATION: 

From (a) we deduce that: 



, , arcain a m fcg o ^ * 

jim ^ = i p ix* — i ; 

a a a ->*j 

li( * , i 



From (b) we deduce that: 

lim ( 1 + -ir ) 



l in 

a ->o 



From (c) we deduce that: 

ln{ 1 + a > 



1 ; lim 



a _ 

■ a -In a 



Exercises 

I. Calculate: 

1 . 1 til 

x -> o 

2. iiffl 

* 

3. lim 

x 

4- lim 

K -5 0 

5- lim 

M ->ft 



sin 3 k 
^in 



1 - cos k 



i - cos k K 



1“ CQEK 

2 

H 

sin 3 k 



sin 8x 
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6, lira 

a "> O 

7, lim 

X 

8, lijfr 

M =■) O 



sin x - tg k 
z . 

x tg x 

1 - cos x - COB 2)( 
x 

1 - cos x ■ » - ■ * cos nw 
n 

X 



9- lim 

K -> £ 

10 * lint 
X ->TT 



COS ffX ■*■ 1 

c* - n 1 

Sin mx 
sin n>c 



ro n 

i i „ i ifli * ai - n K for different values of n e(H 
n* 2 

x ->0 X 

12 1 j_*i ^ res In x - irctq x 

m w* 

13. itm 1»U ^ t 

>0 arctg (i + - ar ctgU - h) 



ANSWERS: 

12. Noting with a = arcsin x — arctg x, we observe that a 

oc 

tends to zero when X tends to zero, so we aim to obtain — — . To 

sin a 

accomplish this we amplify with: 

Sin as * ein( arcsin x - *r ctg k) - 

= sin ( Arcsin x ) cost arctg' w) — 

- sinC arctg xlcoitirciln x ) 

Noting with: 

u = arcsin x f v = arctg x r 

it follows: 

x - sin u m so cos- u = V^l - 
x = tg v r so 
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3in v 



/i + ** 



II. Calculate: 



I. lim f ] 

x *><o [ x* - 2 J 



A - « 2 



, , a 

_ * . r CDS X 1 X 

2, lim J | 

T cos 2 k J 

x ->p v J 



lim tg 



ft rc 



4. Jim ( 1 + h* ) 
-io 



etg*x 



5, 1 im 

x ->o 



2 ! 1 -i- 

a* » b* 14 
e K + b* ] 



4 , 1 isi 



Infl +■ 3 ) 



x -> - co lull + 2 ) 




ANSWERS: 

6. In the limits where there are indeterminations with 
logarithms, we aim to permute the limit with the logarithm: 

li* ' Inf 1 -*• 3*) * 
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- lirt In 1+3 



IrWl + 1 i 



1±* 

X ->-1 » io(l + 2") 



= (we permute again the limit with the logarithm) = 



li» -i- ■ ln(l + 2 ) 
i ->-» 3 * 



U* In [l +• 2*) * In Ur ( 1 + 2 * ] 



In li* [( 1 ♦ 2* ) ** ] 



X CD 



III. Calculate: 



1 . 1 in 



j*- 4 

a - a 



l* 1 ifft 



2* * - 1 
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9 -in - _ 



~>3T^+ « - 



4 » Li® "t/T - i ) 
n ->w 

V 1 i ® n fcos -i- - 1 } 

6 p I in n ' arcsin — 
n 

ft 

7* lim n( Vcom — — i) 

tl "> GO H 

ft y"-> — ■“ 

lifli n( /a - lj 

ft ->oi 

9* Urn "c/vyv... 



-p) 



ANSWERS: 

, a * - a“ , 4 **(*“* - 

I* 1 im — =$ Iim * ■ i ■ — 

m - a ji - a 

-> *» i -> a 

and noting X — a = a, we obtain: 



£ =* a* 1 ini — 



4. We consider the function: 

£ 

f 1 30 = x ( 2 * - 1 ) 

obtained from a n , by replacing n with X. We calculate: 



11m f { >: ) « lim — - i — = In 2 . 

n ->oo X OP “ 

According to the criterion with sequences (see Method 10, 

point c), we also have: = In 2. 

r J n -> oo 
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5. Something that is bounded multiplied with 
something that tends to zero, tends to zero 

(A) If (d n ) ne n is bounded and b n = 0, then: 

71 ^ oo 



lim 



n 



a-n.bn = 0 



lim 



(B) If / is bounded in a vicinity of X 0 and ^(x) — 0, 

X ^ Xq 

then x ^ o /(x).5(x) = 0. 



Examples 



1 *. lim - = fi- 

rs 



because (— l) n is bounded by —1 and 1 and - tends to zero; 



Um 1 0 



because 1 — COS X is bounded by 0 and 2 and — tends to zero; 

_ , . sin k 

3 ■ 1 1 m ■ 0 ; 



4. li* 



where a n is the n th decimal fraction of the number 7T; 



3* lim 



+ 1 



where /3 n is the approximation with n exact decimal fractions of the 
number e. 
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s. 


li* 


slot n* + 3r» + 3 ) 


n 1 + 3n + 3 


9- 


lim 


■a u ctg<n - jc ) _ 




n -> CO 


nx* + 2 


io. 


lim 


. 1 

k arctg — j 


11. 


K 


n ■ sin( n ’ J 


lim 




12, 


lim 

* -KO 


x - Cm] 

* * 

. . .fid j 1 1 

£-13 ■ im £ « ) 


X 3 ■ 


1 ini 





x -*o 



INDICATIONS: 

4. (& n ) nG n is bounded by 0 and 9 , being composed of 
numbers; 

5. (/?n)nGM is bounded by 2 and 3; 

6. The majoring and minoring method 

(A) If functions g and h exist, so that in a vicinity of X 0 we 

have: 

li» gUJ - lim hU) = t 
gUJ < < htx3 and * ***& * 

then: 

lien = £■ 

X “>X 

o 

Schematically: 
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(B) If the sequences (£>) ne N and (Cn)neN exist so that: b n < 

Httl lim 

CL n < c n , starting from the rank n 0 and oJ^ n ~ oo Cn = ^ 

i lim , 

then: = L. 

n -> oo 

Schematically: 




OBSERVATION: 

If l = +oo ? we can eliminate h ((c n )neN respectively ) , 
and if l = — oo ? we can eliminate g ((^rOneN respectively). 

This method is harder to apply, due to the majorings and 
minorings it presupposes. These have to lead to expressions, as least 
different as the initial form as possible, not to modify the limit. 

We mention a few methods, among the most frequently 
used, to obtain the sequences (h n ) n gm and (c n ) nG p^. 



Examples 

1. We put the smallest (biggest) term of the sequence 
( a n)neN, instead of all the terms. 



A 



a 



\ 



/ n*+ 2~ 
1 



/ n Z + n 
1 

ITT 

¥ n + n 



ANSWERS: 

a) In the sum that expresses the sequence (chi)neRb there are: 
the smallest term ^ and the biggest term ^===. By applying 
Method /, we have: 
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a 5 



V^n 2 + 1 

1 



/n J 



+■ i 



-> 1 



yTA i vV + i 
1 1 



y p 2 + n 



/ 

50 a 



2 

n + fi 



/tt 2 +■ n 



-> 1 



-> 1- 



2. We minorate (maj orate) the terms that make up the 
sequence a n with the same quantity. 



* S).n 1 a - 

a) a - - ^ ■- + — — + 



b ) a = 



n + 1 
sin k 
n*+ 1 



p 2 + 2 



n 2 f n 



ANSWERS : 

a) This time there isn’t a smallest (biggest) term in the sum 
that makes up the sequence a n . This is due to the fact that the 
function / (x) = sin X isn’t monotonic. Keeping into consideration 
that we have: — 1 < sinx < 1, we can majorate, replacing sinx 
with 1, all over. We obtain: 



a < 



n*+ 1 n z + i 



- . . +■ 



>0 



n** 1 n 3 + 1 

Analogously, we can minorate, replacing sinx with — 1 , 
then, by applying the first method it follows that: 



a > 



-1 



so a 



n 2 + n 
-> 0. 



2 J 

n +■ n 



2 

n + n 



— >0 
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3. We minorate (maj orate), eliminating the last terms that 
make up the sequence a n . 

a } a * t/ 1 p + 2 P + . , - + n p 
n 

b> a = / l’V 2 n + ... + n" 

n 

ANSWERS: 

n/ 

bj i > / n n * n — >oo t so a >m 

Exercises 



I. Calculate the limits of the sequences: 




with 1 < b t < b a < < b fc 

5, a = / b" 1 + b n + m ■+■ „ 

n i 3 k- 



with b. > O 



i « l,k 
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ANSWERS: 






We majorate using the smallest and the biggest denominator. 
Thus, we obtain common denominators for the sum. 



3. tg 



2k 



nn 



CPS 



2k 

3 

n 

~2k 

_ 2 



and we make majorings and minorings using the biggest and the 
smallest denominator. 



7. Exercises that feature the integer part 

The most common methods to solve them is: 

(A) The minoring and majoring method using the double inequality: 

3 - I < [ a 3 < a 

that helps to encase the function (the sequence) whose limit we 
have to calculate, between two functions (sequences) that do not 
contain the integer part. 

Using this method when dealing with functions, most of the 
times, we don’t obtain the limit directly, instead we use the lateral 
limits. 

Example : For the calculation of the limit: 

, 2x r s 

11,11 7 J r 

* ->*a x - sc - h 
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